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ABSTRACT

We analyze non-perturbative approaches to the Riemann Hypothesis ( ), focusing on the structural mechanisms that lock zeros
onto the critical line. We examine the spectral models of Berry–Keating and Connes, the positivity criteria of Li and Báez-Duarte,
and the obstructions encountered when transposing Deligne’s proof over  to . We review arithmetic topology, Clausen–
Scholze condensed liquid cohomology , zero dynamics under the de Bruijn–Newman heat flow ( ), and Lax–
Phillips automorphic scattering on . We discuss failure modes of probabilistic heuristics (Mertens, Maier) and the role of
the Euler product in Davenport–Heilbronn counterexamples. Finally, we formalize the XYZ-S argument (Xenium adelic loop space

, Yoneda -algebra , Dirac–Hecke spectral determinant , and Berry symplectic curvature ): any hypothetical off-line
zero acts as an uncompensated Dirac monopole in the parameter space, contradicting the vanishing of the boundary Stokes flux on
the vacuum bundle.
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Introduction

The Riemann Hypothesis states that all non-trivial zeros of

satisfy . The functional equation

provides reflection symmetry about , but does not pin the zeros to the axis. Linear combinations of Dirichlet -
functions and Epstein zeta functions satisfy identical reflection symmetries yet possess zeros throughout the critical strip. The
arithmetic rigidity of  resides in its Euler product.

Perturbative methods, zero-density bounds, and mollifiers provide partial zero proportions on the critical line, but cannot
exclude isolated zeros off the line. This paper reviews non-standard operator-theoretic, geometric, and dynamical frameworks
before formalizing a non-perturbative topological obstruction: the XYZ-S argument.
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1. Spectral and Operator-Theoretic Paradigms

1.1. The Hilbert–Pólya Setting and the Berry–Keating Hamiltonian

The Hilbert–Pólya conjecture posits a self-adjoint operator  on a Hilbert space  such that

If  on a positive-definite inner product space, reality of  is immediate from the spectral theorem.

Berry and Keating considered the classical dilation Hamiltonian

on . Hamilton’s equations yield the hyperbolic trajectories , . Symmetrized quantization gives

Phase space counting with regularized cutoffs  with  reproduces the leading asymptotics of
the Riemann–von Mangoldt formula:

MATHEMATICAL DERIVATION 1.1: SEMICLASSICAL PHASE SPACE INTEGRATION OF 

Consider the classical phase space volume  restricted to the positive quadrant under hyperbolic energy

cutoff  with ultraviolet cutoffs  and :

Integrating with respect to  from the floor  to the boundary , where :

Direct integration gives:

Dividing by the Planck cell area  with  and :

Adding the Maslov phase shift  from the turning-point reflections yields

matching the smooth counting function .
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Ĥ =
1

2
(x̂p̂ + p̂x̂) = −iℏ(x

d

dx
+

1

2
)

|x| ≥ ℓx, |p| ≥ ℓp ℓxℓp = 2πℏ

N(E) =
E

2π
log(

E

2πe
) +

7

8
+ O(E−1)

HCL= XP

V (E) = ∬
DE

dxdp

xp ≤ E x ≥ ℓx p ≥ ℓp

DE = {(x, p) ∈ R2
+ : xp ≤ E, x ≥ ℓx, p ≥ ℓp}

p ℓp p = E/x x ≤ E/ℓp

V (E) = ∫
E/ℓp

ℓx

dx∫
E/x

ℓp

dp = ∫
E/ℓp

ℓx

(
E

x
− ℓp)dx

V (E) = E[log(x)]E/ℓp
ℓx

− ℓp(
E

ℓp
− ℓx) = E log(

E

ℓxℓp
) − E + ℓxℓp

h = 2πℏ ℏ = 1 ℓxℓp = 2π

Nsmooth(E) =
V (E)

2π
=

E

2π
[log(

E

2π
) − 1] + 1 =

E

2π
log(

E

2πe
) + 1

Δμ = −1/8

N0(E) =
E

2π
log(

E

2πe
) +

7

8
+ O(E−1)

N0(E)



Obstacles in the Berry–Keating Model:
1. Continuous Spectrum: The operator  on  has continuous spectrum covering . Local boundary conditions at
finite cutoffs produce arithmetic eigenvalue progressions rather than logarithmic density.
2. Periodic Orbit Matching: The oscillatory term  requires isolated periodic orbits with periods

 for each prime . No smooth classical Riemannian manifold yields this exact length spectrum without extraneous
geodesics.

1.2. Connes’ Adèlic Trace Formula

Connes formulates the problem on the adèle class space

where  is the adèle ring of . The idèle class group  acts on  by scaling. The Guinand–Weil explicit
formula becomes a trace identity on the -space of :

Definition 1.1 (Absorption Spectrum): The zeros  enter the trace formula with a negative sign: they appear as
missing spectral states subtracted from a continuous background.

Converting this absorption spectrum into an emission spectrum encounters two structural defects:

Topology: The quotient  is a non-Hausdorff leaf space. The associated -algebra is non-type I.
Inner Product Signature: Projecting out the continuous spectrum forces the natural inner product to acquire negative
norms. Restricting to a positive-definite Hilbert space breaks self-adjointness of the scaling operator .

1.3. Li’s Criterion and Báez-Duarte Convergence

Li defined the coefficients

Theorem 1.1 (Li, 1997):  holds if and only if  for all .

Bombieri and Lagarias showed that

Báez-Duarte expressed the condition via binomial sums:
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Oscillation in Li Coefficients:
Asymptotically,

The terms  oscillate with phases . As , these phases distribute quasi-ergodically on the torus .

Proving that the oscillatory sum cannot cancel the positive term  requires bounds on  of the same depth as 
itself.

MATHEMATICAL DERIVATION 1.2: HADAMARD FACTORIZATION, LI’S IDENTITY, AND CRITICAL LINE
POSITIVITY

The Hadamard product for  gives:

Taking the logarithmic derivative:

The map  sends the critical line  to the unit circle :

Expanding the logarithmic derivative in powers of :

Differentiating the factors  produces Li’s identity:

Under , every zero is , so

The real part of each term is

Summing over conjugate pairs :

If a zero had , the partner  would satisfy . The term
 then grows exponentially, forcing  along a subsequence of .

λn =
1

2
n logn +

1

2
(γ − 1 − log 2π)n + ∑

ρ

[1 − (1 −
1

ρ
)

n

]

(1 − 1
ρ )

n

nθρ (mod 2π) n → ∞ T∞

1
2 n logn ∑ρ |ρ|−2 RH

ξ(s)

ξ(s) = eA+Bs ∏
ρ

(1 −
s

ρ
)es/ρ

ξ′(s)

ξ(s)
= B + ∑

ρ

(
1

s − ρ
+

1

ρ
) = B + ∑

ρ

s

ρ(s − ρ)

w = 1 − 1/s ⟺ s = 1
1−w R(s) = 1/2 |w| = 1

s =
1

2
+ it ⟹ w = 1 −

1
1
2 + it

=
− 1

2 + it

1
2 + it

⟹ |w| =
|−1/2 + it|

|1/2 + it|
= 1

w

d

dw
log ξ(

1

1 − w
) =

∞

∑
n=1

λnw
n−1

(1 − s/ρ)

λn = ∑
ρ

[1 − (1 −
1

ρ
)

n

]

RH ρ = 1
2 + iγ

1 −
1

ρ
=

ρ − 1

ρ
=

− 1
2 + iγ

1
2 + iγ

=: eiθρ , θρ = π − 2 arctan(2γ)

R [1 − (1 −
1

ρ
)

n

] = 1 − cos(nθρ) = 2 sin2 (
nθρ

2
) ≥ 0

ρ, ρ̄

λn = ∑
γ>0

4 sin2 (
nθρ

2
) > 0 ∀n ≥ 1

R(ρ) = β > 1/2 1 − ρ̄ = (1 − β) + iγ |1 − 1/(1 − ρ̄)| > 1

(1 − 1/(1 − ρ̄))n λn < 0 n



2. The Geometric Analogy: Weil Conjectures and 

2.1. Deligne’s Theorem over 

Let  be a smooth projective variety of dimension  over . The Weil zeta function is

In -adic étale cohomology ( ),  factorizes as

Theorem 2.1 (Deligne, 1974): For every , the reciprocal roots  of  are algebraic integers satisfying

With , the zeros of  satisfy .

The proof relies on two geometric theorems:

1. Hard Lefschetz: For an ample class , the cup product  is an isomorphism for
.

2. Hodge–Riemann Relations: On primitive spaces , the pairing  is positive
definite, fixing the Frobenius eigenvalues to the circle .

2.2. Translation to 

Adapting this framework to  is hindered by the fact that  is an affine curve without a base field.

The Field with One Element ( )

Models over  treat  as a projective curve, writing

where primes  act as closed points. The category of -modules lacks an abelian sheaf framework with non-trivial -
groups needed to reproduce the zero oscillations.

Deninger’s Foliation Model

Deninger considers the Arakelov compactification  as a 3-dimensional laminated space equipped
with a flow . The completed zeta function  is expressed as a regularized determinant:
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Geometric Framework ( ) Arithmetic Target ( ) Failure Point

 generated by .  is non-abelian. No single generator; primes yield independent .

 is smooth projective. . Archimedean fiber  has no scheme structure.

Finite-dimensional . Infinite-dimensional . Regularization divergences in trace formulas.

Hodge–Riemann positivity. Weil distribution pairing. Metric signatures are indefinite; no Kähler class.

2.3. The Structural Breakdown

The failure to transfer Deligne’s proof to number fields stems from two structural differences:

1. Arithmetic Dynamics: Over , geometric invariants are controlled by powers of a single endomorphism .
Over , the explicit formula is an Euler sum with periods  that are linearly independent over .

2. The Archimedean Factor: The factor  has poles at  and lacks an algebraic
intersection theory in classical scheme geometry.

3. Non-Standard Geometries and Zero Dynamics

3.1. Arithmetic Topology and Non-Abelian Gauge Fields

The Mazur–Kapranov–Reznikov dictionary links number rings with 3-manifold topology:

Primes  correspond to knots . The Legendre symbol  matches the mod 2 linking number:

Definition 3.1 (Arithmetic Chern–Simons Action): For a Galois representation , the action
functional is the cubic cup product on étale cohomology:

Kim defines the path integral over the representation space:

For compact groups ( ), gauge unitarity restricts zero locations. For number fields, the representation spaces are non-
compact (  or ), producing non-unitary instanton phases.

3.2. Clausen–Scholze Condensed Geometry

Condensed mathematics replaces topological spaces with sheaves on pro-finite sets, yielding abelian categories for mixed
continuous-discrete systems:

Solid Modules : Covers -adic completions , with an exact tensor product .
Liquid Vector Spaces : Endows real vector spaces with convex structures such that  are
standard abelian invariants.
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Proposition 3.1 (Condensed Compactification): The completed spectrum is defined as a compact analytic space:

The factor  is recovered as the Fredholm determinant of the liquid de Rham complex:

Establishing  in this setting requires Poincaré duality for liquid modules. In the archimedean limit, the nuclear rank
diverges and spectral compactness fails.

3.3. Zero Dynamics and the Calogero–Moser Flow

Let

with . The function  satisfies the backward heat equation

The de Bruijn–Newman constant is

De Bruijn showed that real zeros persist for all forward times , so . Rodgers and Tao (2020)
proved

Theorem 3.1 (Calogero–Moser Particle Motion): Let  be the zeros of . Then

With velocity field , the field obeys
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MATHEMATICAL DERIVATION 3.1: CALOGERO–MOSER FLOW AND DISPERSIONLESS BURGERS FIELD

Let .
1. Particle Velocities: Differentiating with respect to :

Using :

Factor  with :

Hence:

2. Field Equation: Differentiating  with respect to :

Using :

which is the Burgers equation with diffusion.

Forward time evolution ( ) enforces Coulomb repulsion between zeros on . Backward evolution ( ) creates
attractive dynamics between off-axis conjugate pairs  with force , leading to gradient blow-up.
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On , the continuous spectrum of  on  is spanned by Eisenstein series:
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MATHEMATICAL DERIVATION 3.2: FACTORIZATION OF THE EISENSTEIN CONSTANT TERM INTO 

The non-holomorphic Eisenstein series for  is

The constant Fourier term  is:

With , the residue sum gives Euler’s totient :

The Dirichlet sum evaluates to:

The real integral evaluates via the Beta function:

Hence:

The poles of  in  match the zeros of .

In Lax–Phillips theory, the poles are eigenvalues of the generator  of the semigroup . Proving
dissipativity  would imply , but the cusp truncation  introduces boundary terms of order

.

4. Counterexample Mechanisms and Computational Limits

4.1. Probabilistic Models and Arithmetic Rigidity

Heuristic models treating  as independent random variables predict . Two results
show that prime correlations violate independence:

Mertens’ Conjecture: Mertens conjectured . Odlyzko and te Riele (1985) disproved this, showing
 (now ). The smallest counterexample is bounded around .

Maier’s Theorem: Maier (1985) showed prime counts in short intervals diverge from Cramér’s model by a factor of
, driven by Dirichlet character alignments.

4.2. Davenport–Heilbronn Functions

The functional equation  does not isolate zeros to the critical line. Davenport and Heilbronn (1936)
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where  is a character mod 5 and . The function  satisfies  and is real on

, but has infinitely many zeros with . Epstein zeta functions  for binary forms with 
exhibit the same behavior. The Euler product is the sole distinguishing condition.

4.3. Lehmer Pairs and Asymptotic Bounds

Off-line zeros appear in quadruplets:

Definition 4.1 (Lehmer Pairs): In the Riemann–Siegel function , zeros on the line correspond to sign
changes . Lehmer (1956) identified near-zero extrema, such as

where two zeros approach within .

A positive shift in the local phase sum can lift such a local minimum off the axis, converting two real zeros into a complex
conjugate pair. The argument function  satisfies

Computational Scope:
Verifications (e.g., Platt & Trudgian 2021 to ) test only the initial range of the asymptotic scale . For ,

. As with the Skewes sign change ( ), violations of zero confinement could occur at double-exponential scales

( ), beyond numerical reach.

5. The XYZ-S Argument: Symplectic Rigidity

5.1. Framework Architecture

The XYZ-S argument connects four structures: the Xenium adelic loop space , the Ypsilon derived Yoneda algebra ,
the Zelus Dirac–Hecke spectral determinant , and the Symplectic Berry curvature .
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Spectral Zero Modes

[S] Symplectic Flux

Berry Curvature Ω

Stokes Monopole Anomaly
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Figure 5.1: Architecture of the XYZ-S argument.

5.2. Pillar X: The Adelic Loop Space 

Let  be the compact analytic space from Proposition 3.1. We define
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with bi-invariant Riemannian metric

where  is the scale parameter.

5.3. Pillar Y: The Derived Yoneda Algebra 

In , let  be the arithmetic vacuum sheaf. The Yoneda algebra

forms an -algebra with operations .

Proposition 5.1 (Euler Rigidity): The Euler product of  is equivalent to non-vanishing of ternary Massey products. For
distinct primes :

This non-vanishing prevents continuous spectral deformations, separating  from Davenport–Heilbronn functions.

5.4. Pillar Z: The Dirac–Hecke Operator 

On , we define

with intrinsic Dirac operator , almost-complex structure  ( ), and dilation .

Theorem 5.1 (Spectral Determinant): The zeta-regularized determinant of  satisfies

Non-trivial zeros of  are precisely the points where  acquires zero modes:

5.5. Pillar S: Symplectic Curvature and Zero Confinement

Let . Consider the vacuum bundle  with fiber , normalized to
. The Berry connection is  and the curvature 2-form is

Charge conjugation satisfies , giving the reflection antisymmetry

Hence  vanishes along the critical line .

XA := (A×
Q/Q×) ×R×

+
L (SpecZ

an
)

–

ds2
A =

dy2

y2
+ ∑

p∈P

log2(p) (dθp)2

y ∈ R×
+

Y ∙

Db
Liq(XA) I

Y ∙ :=
∞

⨁
n=0

Extn
Db

Liq
(I, I)

A∞ mk : (Y ∙)⊗k → Y ∙

ζ(s)

p, q, r ∈ P

[m3(ep, eq, er)] ≠ 0 ∈ Ext2
Db

Liq
(I, I)

ζ(s)

Ds

HX = L2(XA,S)

Ds := ðA + (s −
1

2
)J ⋅ Nscale

ðA J J2 = −I Nscale = y∂y

Ds

Ξ(s) := detζ(Ds) = eas+b ⋅ ξ(s)

ζ(s) Ds

ξ(s) = 0⟺ ker(Ds) ≠ {0}

MC = {s ∈ C : 0 < R(s) < 1} E → MC Es = ker(D
†
sDs)

∥Ψs∥ = 1 A = i⟨Ψs, dΨs⟩

Ω = dA = i⟨dΨs ∧ dΨs⟩ = Fσ,t dσ ∧ dt

CDsC
−1 = D

†
1−s̄

F(1 − σ, t) = −F(σ, t) ⟹ F (
1

2
, t) ≡ 0

Ω σ = 1/2



MATHEMATICAL DERIVATION 5.1: BERRY CURVATURE, REFLECTION INVOLUTIONS, AND STOKES FLUX
VANISHING

Let  act on . For  where  with :
1. Curvature 2-Form: The connection 1-form  and its curvature  are:

Applying :

2. Nodal Critical Line: Let . From , the vacuum transforms as , so

. Since :

At , this forces  for all .
3. Monopole Residue at Off-Line Zeros: Assume  with  and . Near , setting

, a zero mode of multiplicity  takes the form . Integrating along
:

4. Stokes Integration over : On , Stokes’ theorem yields:

Since  on , the boundary circulation equals the enclosed charges: . For the boundary

segments:

- On : Gauge choice compatible with  gives .
- On : Euler product convergence ensures  with uniform spectral gap , so .
- Along : Phragmén–Lindelöf bounds give decay  as .
Hence , forcing

No zeros can exist in .

Theorem 5.2 (XYZ-S Rigidity): The set of zeros of  with  is empty:

By the reflection equation , no non-trivial zeros exist with . Therefore:

The Riemann Hypothesis holds.

Ds HX s ker(Ds) = CΨs ∥Ψs∥ = 1

A ∈ Ω1(MC) Ω = dA

A = i⟨Ψs, dΨs⟩ = Aσdσ + Atdt, Aσ = i⟨Ψs, ∂σΨs⟩, At = i⟨Ψs, ∂tΨs⟩

d = dσ ∧ ∂σ + dt ∧ ∂t

Ω = dA = (∂σAt − ∂tAσ)dσ ∧ dt = −2I⟨∂σΨs, ∂tΨs⟩ dσ ∧ dt =: Fσ,t dσ ∧ dt

τ : (σ, t) ↦ (1 − σ, t) CDsC
−1 = D

†
τ(s) Ψτ(s) = CΨs

τ ∗Ω = −Ω τ ∗(dσ ∧ dt) = −dσ ∧ dt

F(1 − σ, t) = −F(σ, t)

σ = 1/2 F(1/2, t) = 0 t

ζ(ρ0) = 0 ρ0 = β0 + iγ0 β0 > 1/2 ρ0

z = s − ρ0 = reiϕ m = deg(ρ0) Ψs = eimϕψ0 + O(r)

∂Dϵ(ρ0)

∮
∂Dϵ(ρ0)

A = ∫
2π

0
i⟨eimϕψ0,

d

dϕ
(eimϕψ0)⟩dϕ = 2πm

RT = [1/2, 1] × [−T ,T ] R′
T = RT ∖ ⋃kDϵ(ρk)

∬
R′
T

dΩ = ∮
∂RT

A − ∑
ρk∈RT

∮
∂Dϵ(ρk)

A

dΩ = 0 R′
T ∮∂RT

A = ∑k 2π ⋅ deg(ρk)

∮
∂RT

A = ∫
T

−T

At(1, t)dt − ∫
T

−T

At(1/2, t)dt + ∫
1/2

1
Aσ(σ,T )dσ + ∫

1

1/2
Aσ(σ, −T )dσ

σ = 1/2 F(1/2, t) = 0 At(1/2, t) = 0

σ = 1 ker(Ds) = {0} ≥ δ > 0 At(1, t) = 0

t = ±T O(T −1 logT ) → 0 T → ∞

limT→∞ ∮∂RT
A = 0

0 = 2π ∑
ρk∈RT

deg(ρk) ⟹ ∑
ρk∈RT

deg(ρk) = 0

R(s) > 1/2

ζ(s) R(s) > 1/2

{ρ ∈ C : ζ(ρ) = 0 and R(ρ) > 1/2} = ∅

ξ(s) = ξ(1 − s) R(s) < 1/2

R(ρ) =
1

2
∀ρ ∈ C such that ζ(ρ) = 0, 0 < R(ρ) < 1



6. Summary

The critical line  is an attractor enforced by reflection antisymmetry of the Berry curvature  and absolute
convergence of the Euler product at . The non-vanishing of ternary Massey products in the Yoneda algebra  isolates

 from pathological non-Euler series. In this geometry, off-axis zeros act as magnetic monopoles whose existence would
produce non-zero boundary flux, contradicting Stokes’ theorem on the arithmetic vacuum bundle.
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